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Abstract
Localized traveling-wave pulses and holes, i.e. localized regions of vanishing
wave amplitude, are investigated in a real Ginzburg-Landau equation coupled
to a long-wave mode. In certain parameter regimes the pulses exhibit a Hopf
bifurcation which leads to a breathing motion. Subsequently the oscillations
undergo period-doubling bifurcations and become chaotic.
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Over the past few years localized structures have been investigated in a number of
pattern-forming systems, as varied as semiconductor devices [1,2], electric gas discharges
[3], binary fluid convection [4–6], convection in narrow channels [7] etc. Among them are
structures consisting of domains of different wavenumbers [7–9]. In particular, the localized
traveling-wave patterns (‘pulses’) observed in binary-fluid convection have found consid-
erable interest [4–6,10–15]. The experimental results [4–6] lead to a number of theoretical
analyses aimed at an understanding of the mechanism of localization. Within the framework
of a single complex Ginzburg-Landau equation dispersion was identified as an important in-
gredient for localization [10–12]. It was, however, recognized that this equation does not
suffice to explain various qualitative features of the pulses. The inclusion of a coupling of
the traveling waves to an additional long-wave mode lead to a detailed understanding of a
number of qualitative features of the pulses [13–15]. Equations of similar type as the result-
ing extended Ginzburg-Landau equations have been investigated in the context of two-layer
Poiseuille flow [16] and should apply more generally to the interaction of traveling waves
with a long-wave mode, e.g. in capillary jets with thermocapillarity [17].
In the present paper we investigate the extended Ginzburg-Landau equations further and
focus on two types of localized structures: periodically and aperiodically oscillating (‘bright’)
pulses, and ‘holes’ or ‘dark pulses’, i.e. stable localized domains of the basic state within the
traveling-wave state. In a previous paper the pulses were described within the framework
of two interacting fronts each connecting the stable basic state with the coexisting stable
traveling-wave state [14]. A simple mechanism was identified which leads to an interaction
between the fronts. This interaction depends strongly on the direction of propagation of
the pulse. In the context of binary-mixture convection it implied that these pulses are
only stable if they propagate opposite to their (linear) group velocity. Simple arguments
suggest that the localization mechanism should not only stabilize pulses but also holes. We
confirm this numerically in the present paper. The asymptotic analysis used in [14] only
applies to steadily propagating pulses. Here we study numerically the regime outside the
validity of that analysis and find pulses which propagate unsteadily, with periodically and
aperiodically varying velocities. The phenomenon is quite similar to layer oscillations found
in reaction-diffusion models [18,19].
The extended Ginzburg-Landau equations introduced in Ref. [13,20] in the context of
binary-mixture convection are given to cubic order by
∂tA+ (s+ s2C)∂xA = d∂
2
xA + (a+ fC + f2C
2 + f3∂xC)A+ cA|A|2 + ..., (1)
2
∂tC = δ∂
2
xC − αC + h(2)∂x|A|2 + (h(1) + h(3)C)|A|2 +
ih(4)(A∗∂xA− A∂xA∗) + .... (2)
Here the amplitude A denotes the traveling-wave amplitude and corresponds to that appear-
ing in the conventional Ginzburg-Landau equation, and C characterizes a non-oscillatory,
long-wave mode. In binary-mixture convection the long-wave mode corresponds to a large-
scale concentration field. Due to the wave character of the amplitude A the long-wave mode
cannot only be generated by A but also advected. For that reason - and because of the
group velocity - equations (1,2) are not of reaction-diffusion type.
As in the asymptotic analysis in [14] we neglect dispersion and assume all the coefficients
to be real in order to focus on the effect of the long-wave mode. To allow an analytical
treatment of the interaction of fronts a limit of weak diffusion was considered in [14] which
lead to
∂tA+ η
2s2∂xA = η
2d2∂
2
xA− A+ cA3 −A5 + CA, (3)
∂tC = η
4δ4∂
2
xC − η2α2C + η3h(2)3 ∂xA2 + η2h(3)2 CA2, (4)
with η ≪ 1. The terms involving h(1) and h(4) were omitted since these coefficients turned
out to vanish in the case considered in [14]. The equations were rescaled such that the
bifurcation parameter - which is related to the Rayleigh number in convection - is the
coefficient of the cubic term c. The limit η ≪ 1 allowed the derivation of coupled evolution
equations for the velocities vl,t of the leading and trailing front, respectively, which together
make up a pulse,
vl = s2 − γ|vl| + sgn(vl)ρ, (5)
vt = s2 − γ|vt| + 2γ
e−αˆL/|vl|
|vl| − sgn(vt)ρ, (6)
∂TL = γ
(
1
vt
− 1
vl
)
− 2γ e
−αˆL/|vl|
vl
+ 2ρ. (7)
In (5,6,7) the length of the pulse is denoted by L and
γ =
√
3h
(2)
3 , ρ =
√
3
η
(c− 4/
√
3), T = η2t, αˆ = α2 − h(3)2 A20. (8)
Since in (3,4) the diffusive term was considered much smaller than the advection term the
interaction is one-sided, i.e. while the leading front is independent of the trailing front
the latter feels the effect of the leading front. Therefore the peak in the long-wave mode
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generated by the trailing front is reduced as compared to that of the leading front. For
h(2) > 0 this implies a repulsive interaction of the fronts and allows the pulse to be stable
if the pulse velocity is opposite to the group velocity [14]. This argument suggests that
backward drifting holes should be stable as well (for h(2) > 0). It should be noted that
for (5,6,7) to be valid, the front velocities cannot be too small. In particular, they cannot
change sign.
To investigate the stability of holes, i.e. of localized domains with vanishing amplitude
A, we solve (3,4) for η = 1 numerically using a Crank-Nicholson scheme. We use a system
with periodic boundary conditions and a length L = 50. The steep gradients in C require a
small grid spacing (dx = 0.025). The very slow dynamics allows large time steps (dt = 1).
As expected from the asymptotic analysis, holes are indeed stable in a range of parameters.
Their lengths are shown in fig. 1 (solid symbols) along with those of pulses (open symbols).
The behavior of the holes is opposite to that of the pulses: their length increases with
decreasing c and diverges below a critical value. The region of existence of stable holes
as well as that of pulses decreases with increasing δ, i.e. with increasing diffusion of the
long-wave mode. Above a critical value of δ no stable holes or pulses are found.
In the weak diffusion limit of the asymptotic analysis the leading front decouples from
the trailing front and its velocity is independent of the location of the trailing front. For
finite diffusion, however, the leading front is affected by the trailing front and therefore both
fronts interact with each other. As a consequence, more complex dynamics can be expected.
We now investigate this effect of increased diffusion on the dynamics of pulses using the
same numerical procedure. When, for sufficiently strong diffusion, the control parameter c
is decreased a Hopf bifurcation takes place and the length and velocity of the pulse start
to oscillate, with the fronts oscillating in antiphase. Decreasing the parameter further three
period-doubling bifurcations are found to occur, leading to a period 8 at c = 2.561383 (see
figs.2 and 3). For c = 2.561380 we observe a period 6. For c = 2.561340 the dynamics
become apparently chaotic as demonstrated in the Fourier spectrum shown in fig.4. The
corresponding evolution of the pulse is shown in fig.5 which presents a space-time diagram
of the location of the two fronts making up the pulse. Beyond this regime the dynamics
become periodic again (c = 2.561320). Eventually, for c < 2.561310 the pulse loses stability
and grows to fill the whole system.
For weak diffusion the (steady) pulses are unstable for positive velocity (in the case
h(2) > 0) [14] since the interaction between the fronts is attractive in that case. Strikingly,
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for stronger diffusion the speed of the steady pulses decreases rapidly when c is decreased
toward the lower end of the regime of stability (see fig. 6); in the oscillatory pulses that arise
for still smaller c the instantaneous velocity can change signand the stable pulse propagates
forward over parts of the oscillatio cycle. In fact, in this regime even the average velocity
can be positive (cf. fig.5).
The oscillations shown in figs. 2 and 5 are very similar to the breathing motion of localized
structures found in reaction-diffusion systems [18,19]. They can be periodic [18] or chaotic
[19]. The systems studied in [18,19] differ, however, in various aspects from that discussed
here. Eqs.(1,2) are not of reaction-diffusion type since the coupling occurs via the advection
of the long-wave mode C by the traveling-wave mode A. Thus, the drift of the pulses (or
holes) is an important feature and - at least for steady pulses - is closely related to their
stability. In addition, in [19] Neumann boundary conditions were used and the distance
between the two fronts making up the pulse was comparable to their distance from the
boundaries. Thus, the boundaries may well play an important role in the dynamics. In the
simulations presented here, the system was chosen long enough to ensure that the (periodic)
boundary conditions are not important. Finally, one of the three reacting components of
the system studied in [19] was assumed to diffuse very fast providing essentially a uniform
background field which gives some aspect of a global coupling.
It should be mentioned that within the single complex Ginzburg-Landau equation pulses
exhibiting complex dynamics have been found as well [21]. In contrast to the pulses discussed
here, these pulses are short and stabilized by dispersion [11,12,15]. Their dynamics is related
more to deformations in the pulse shape - presumably due to phase slips - than to the size
of the pulse.
In conclusion we have extended the previous analysis of fronts and pulses of traveling
waves coupled to a long-wave mode [14,22]. Numerically, we find that not only pulses but also
holes (‘dark pulses’) can be stabilized by the long-wave mode. In addition, for sufficiently
strong diffusion the mutual interaction between the leading and the trailing front of the
pulses can lead to periodic as well as to aperiodic oscillations in the velocity and width of
the pulses. No oscillatory holes have been found.
This work was supported by DOE through grant DE-FG02-92ER14303, by an equipment
grant from NSF (DMS-9304397) and by the DGICYT (Spanish Government) under grant
PB93-0708.
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FIG. 1. Length of pulses (open symbols) and of holes (solid symbols) for different values of the
diffusion coefficient of the long-wave mode. Open and solid squares correspond to δ = 0.05; open
and solid circles to δ = 0.1. The remaining parameters are s = 0.3, d = 0.05, α = 0.01, h(2) = 0.03.
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FIG. 2. Velocity of the left and right fronts that form the pulse for c = 2.561383 and δ = 0.13
(period-8 regime). The remaining parameters are as in fig.1. The dashed line corresponds to the
right front and the continuous line to the left one.
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FIG. 3. Fourier spectrum of the length of the pulse for c = 2.561383 and δ = 0.13 (period-8
regime). The remaining parameters are as in fig.1.
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FIG. 4. Fourier spectrum of the length of the pulse for c = 2.561340 and δ = 0.13 (aperiodic
regime). The remaining parameters are as in fig.1.
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FIG. 5. Space-time diagram of the left and the right front for c = 2.561340 and δ = 0.13
(aperiodic regime). The remaining parameters are as in fig.1.
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FIG. 6. Velocity of the pulses for different values of the coefficient δ. The remaining parameters
are as in fig.1.
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